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1. Introduction
Mighton [5] recently gave a very nice characterization of those binary matroids that are graphic.
The purpose of this note is to provide a shorter proof of the result. Both the present proof and
Mighton’s proof rely on Tutte’s [8] recursive characterization of graphic matroids, which is based on
structural properties of cocircuits and their bridges. The approach here combines Tutte’s characteriza-
tion with a result of Cunningham [4] to streamline Mighton’s argument.
This paper assumes an understanding of matroids; see, for example, Oxley [6]. The deﬁnitions
below are primarily due to Tutte [7,8]; see also Bixby and Cunningham [2,3], Cunningham [4], and
Mighton [5]; in particular, [3] provides examples that illustrate many of the concepts below. Let M
be a matroid with element set E . A set S ⊆ E is a separator of M if no circuit of M has nonempty
intersection with S and E − S . An elementary separator is one that does not properly contain another
separator. A matroid is nonseparable if it has at most one elementary separator. Let Y be a cocircuit
of M . The bridges of Y in M are the elementary separators of M\Y . If Y has more than one bridge,
it is separating; otherwise, it is nonseparating. Let B be a bridge of Y . The Y -component of M relative
to B is the matroid M/(E − (B ∪ Y )). Let B1, . . . , Bk denote the bridges of Y in M , and let M1, . . . ,Mk
denote the corresponding Y -components. For 1 i  k, let πi denote the partition of the element set
of Mi\Bi into its parallel classes. For i = j, bridges Bi and B j avoid if there exist S ∈ πi and T ∈ π j
such that S ∪ T = Y . The avoidance graph of Y in M is the graph having vertex set {B1, . . . , Bk} with
two bridges adjacent if and only if they do not avoid.
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to B is said to be B-fundamental. Here are a few useful observations, which are used without further
reference. Let Y be a B-fundamental cocircuit of M , and let M ′ be a Y -component of M . Where
E ′ is the element set of M ′ , B ′ := B ∩ E ′ is a basis for M ′ . Also, if Y ′ is a B-fundamental cocircuit
of M different from Y , then there exists a unique Y -component containing Y ′; moreover, if M ′ is this
Y -component, then Y and Y ′ are B ′-fundamental. Conversely, if Y ′ is a B ′-fundamental cocircuit for
some Y -component M ′ , then Y ′ is also a B-fundamental cocircuit for M .
Mighton [5] deﬁnes a Fournier triple to be a set of three fundamental cocircuits having nonempty
intersection such that no one of the cocircuits separates the other two; a cocircuit Y1 does not separate
cocircuits Y2 and Y3 if Y2 − Y1 and Y3 − Y1 are contained in the same elementary separator of M\Y1;
otherwise, Y1 separates Y2 and Y3.
Mighton’s theorem [5] can now be stated.
Theorem 1. Let M be a binary matroid, and let B be a basis of M. Then, M is graphic if and only if
(i) no set of three B-fundamental cocircuits constitute a Fournier triple, and (ii) the avoidance graph of ev-
ery B-fundamental cocircuit is bipartite.
Both the present proof and Mighton’s proof of Theorem 1 rely on the following well-known result
of Tutte [8].
Theorem 2. Let M be a binary matroid, and let Y be a cocircuit of M. Then, M is graphic if and only if the
Y -components of M are graphic and the avoidance graph of Y in M is bipartite.
Based on Theorem 2, Tutte [7,8] developed a recursive algorithm for determining whether a given
binary matroid M is graphic. (The results of [8] simplify the algorithm of [7].) There is a connection
between Mighton’s theorem and Tutte’s algorithm. Tutte’s algorithm either produces a graph realizing
M or an obstruction to the graphicness of M . This obstruction appears in a recursively constructed
Y -component M ′ of M , and takes the form of either a nonbipartite avoidance graph, or a special
type of Fournier triple consisting of three nonseparating fundamental cocircuits with nonempty inter-
section. Theorem 2 says that, in the case of nongraphicness, one of these obstructions must, in fact,
be readily available in the original matroid M . This connection is made explicit in Lemmas 3 and 4
below.
One of the attractive features of Theorem 1 is that it yields a simple, nonrecursive algorithm for
determining whether a given binary matroid M is graphic. In the case that M is graphic, however, it
is not clear how to use the algorithm implied by Theorem 1 to construct a corresponding graph.
Theorem 2 has been extended to nonbinary matroids; see Bixby [1]. Theorem 1, however, does not
extend to nonbinary matroids. The class of whirl matroids provides a counterexample. In particular,
whirl matroids are nongraphic, and every whirl matroid has a basis for which every fundamental
cocircuit is nonseparating and every fundamental circuit has three elements.
2. The proof
The following lemma follows easily from the deﬁnitions.
Lemma 1. Let M be a matroid, let Z be a subset of elements, and let S Z be an elementary separator of M/Z .
Then, there exists an elementary separator S of M containing S Z . Moreover, if S Z = S, then S ∩ Z = ∅.
The next lemma is stated in Cunningham [4], which cites an implicit proof in Bixby and Cunning-
ham [2]. For completeness, a proof is included here.
Lemma 2. Let M be a nonseparable matroid, and let Y and Y ′ be B-fundamental cocircuits of M for some
basis B of M. Suppose that Y ′ is a cocircuit of the Y -component M ′ of M, and let B ′1, . . . , B ′k be the bridges
of Y ′ in M ′ . Then, one of the bridges, say B ′k, contains Y − Y ′ , and B ′1, . . . , B ′k−1 are bridges of Y ′ in M.
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Y ′ are B ′-fundamental cocircuits of M ′ , it follows that Y − Y ′ is a cocircuit of M ′ \ Y ′ . Thus, Y − Y ′ is
contained in one of the bridges of Y ′ in M ′ , say B ′k .
If B ′1 (say) is not a bridge of Y ′ in M , then there exists a minimal set X ⊆ E − E ′ (with respect to
inclusion) such that B ′1 is not a bridge of Y ′ in M/(E − (E ′ ∪ X)). Moreover, by Lemma 1, there exist
e ∈ B ′1, f ∈ X , and a circuit C of M/(E − (E ′ ∪ X)) \ Y ′ containing e and f . Since e ∈ E ′ and f /∈ E ′ ,
e and f must be in different bridges of Y in M , from which it follows that C must intersect Y − Y ′ .
Let x ∈ C ∩ (Y − Y ′). Then, C − {x} is a circuit of M/(E − (E ′ ∪ (X − {x}))) \ Y ′ containing e and f ,
contradicting the minimality of X . 
Lemma 3. Let M be a matroid, B a basis of M, and Y a B-fundamental cocircuit of M. If some Y -component
of M has a Fournier triple, then so does M.
Proof. Let Y1, Y2, and Y3 be B ′-fundamental cocircuits of the Y -component M ′ , where B ′ := B ∩ E ′
and E ′ is the element set of M ′ . Lemma 1 implies that, for 1  i  3, each elementary separator of
M ′\Yi is contained in an elementary separator of M\Yi . Therefore, if Yi does not separate Y j and Yk ,
for {i, j,k} = {1,2,3}, in M ′ , then Yi does not separate Y j and Yk in M . 
Lemma 4. Let M be a nonseparable matroid, and let B be a basis of M. Let Y and Y ′ be B-fundamental
cocircuits of M such that Y ′ is also a cocircuit of some Y -component M ′ . If the avoidance graph of Y ′ in M is
bipartite, then so is the avoidance graph of Y ′ in M ′ .
Proof. Let B ′1, . . . , B ′k be the bridges of the cocircuit Y
′ in M ′ . By Lemma 2, B ′1, . . . , B ′k−1 (say) are
bridges of Y ′ in M , and by Lemma 1, B ′k is contained in a bridge, say Bk , of Y
′ in M . Thus, the bridges
of Y ′ in M include B ′1, . . . , B ′k−1, Bk .
First observe that, for 1  i  k − 1, the Y ′-component of M relative to B ′i is equal to the
Y ′-component of M ′ relative to B ′i . Speciﬁcally, since B
′
i ∪ Y ′ ⊆ E ′ and M ′ = M/(E − E ′), the ma-
troids M/(E − (B ′i ∪ Y ′)) and M ′/(E ′ − (B ′i ∪ Y ′)) are equal, where E and E ′ denote the respective
element sets of M and M ′ .
It is now claimed that if two elements of Y ′ are parallel in M/(E − (Bk ∪ Y ′)), then they are
also parallel in M ′/(E ′ − (B ′k ∪ Y ′)). Given that B ′k ⊆ Bk , B ′k ⊆ E ′ , and M ′ = M/(E − E ′), the latter is
obtained from the former by contracting Bk − B ′k . Thus, from the deﬁnition of contraction, if e, f ∈ Y ′
are parallel in M/(E − (Bk ∪ Y ′)), but not in M ′/(E ′ − (B ′k ∪ Y ′)), then there exists a circuit C of
M/(E − (Bk ∪ Y ′)) such that C ′ := C − (Bk − B ′k) is a circuit of M ′/(E ′ − (B ′k ∪ Y ′)) with C ′ ⊂ {e, f };
that is, C ′ is a loop. This, in turn, implies that |C ∩ Y ′| = 1, which is impossible.
From the previous two paragraphs, if two of {B ′1, . . . , B ′k−1, Bk} avoid in M , then they, with B ′k
replacing Bk , avoid in M ′ . Thus, the avoidance graph of Y ′ in M ′ is bipartite. 
Mighton’s theorem can now be proved.
Proof of Theorem 1. The necessity of conditions (i) and (ii) is well known and straightforward to
verify. The content of the theorem is in their suﬃciency. If M has more than one elementary sepa-
rator, then the result follows by induction applied to the elementary separators. Thus, assume M is
nonseparable.
If every B-fundamental circuit contains at most three elements, then it is well known that M is
graphic. Thus, suppose some B-fundamental circuit has at least three elements from B , and let Y1, Y2,
and Y3 be the corresponding B-fundamental cocircuits. If Y1, Y2, and Y3 are all nonseparating, then
together they constitute a Fournier triple, a contradiction. Thus, Y1 (say) is separating. By Theorem 2
and condition (ii), M is graphic if and only if all of the Y1-components of M are graphic. By induction
and Lemmas 3 and 4, all of the Y1-components are graphic. 
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